A new kind of representations on noncommutative phase space 
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I Abstract 

' We introduce new representations to formulate quantum mechanics on noncommutative 

, phase space, in which both coordinate-coordinate and momentum-momentum are non- 

commutative. These representations expHcitly display entanglement properties between 
degrees of freedom of different coordinate and momentum components. To show their 
potential applications, we derive explicit expressions of Wigner function and Wigner op- 
erator in the new representations, as well as solve exactly a two-dimensional harmonic 
' oscillator on the noncommutative phase plane with both kinetic coupling and elastic 

, coupling. 
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m ■ 1 Introduction 



(N 

I As is well known, representations and transformation theories, founded by Dirac [T], play 

basic and important role in quantum mechanics. Many quantum mechanics problems 
were solved cleverly by working in specific representations. Some representations, such 
as, the coordinate, the momentum, the number representation, as well as the coherent state 
^ ' representation, are often employed in the literature of ordinary quantum mechanics. In 

■ noncommutative quantum mechanics (NCQM) because of the noncommutativity of 

coordinate-component (and/or momentum-component) operators, there are no simultane- 
ous eigenstates for these different coordinate (or momentum) operators, and one can hardly 
construct a coordinate (or momentum) representation in the usual sense. However, in order 
to formulate quantum mechanics on a noncommutative phase space so that some dynamic 
problems can be solved, we do need some appropriate representations. Here some few words 
on the noncommutativity of momentum-component operators are useful. Although in string 
theory only the coordinate space exhibits a noncommutative structure, some authors have 
studied models in which a noncommutative geometry is defined on the whole phase space 
O E] . Noncommutativity between momenta arises naturally as a consequence of noncom- 
mutativity between coordinates, as momenta are defined to be the partial derivatives of the 
action with respect to the noncommutative coordinates [7]. 
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On the other hand, the usual method to study NCQM is using the Seiberg-Witten map 
to change a problem of NCQM into a corresponding problem of quantum mechanics on 
the commutative space. In the case of only the coordinate space is noncommutative, this 
method is consistent with the Weyl-Moyal correspondence which amounts to replacing the 
usual product in noncommutative space by a star product in ordinary space. This method, 
however, does not always work, for example, when both coordinates and momenta are 
noncommutative, i.e., on a noncommutative phase space, although using the Seiberg-Witten 
map one can write down a Hamiltonian of NCQM in terms of the ordinary commutative 
coordinates and momenta operators, one has no way to get a well-defined Schrodinger 
equation which is consistent with the corresponding star product. Therefore, it is necessary 
to develop other new method to solve the quantum mechanical problems on noncommutative 
phase space. 

Noticing that although two coordinate-component (and/or momentum-component) op- 
erators on the noncommutative phase space do not commute each other, the difference 
of the two coordinate operators indeed commute with the sum of the relevant two mo- 
mentum operators, thus we can still employ Einstein-Podolsky-Rosen's (EPR) [8] idea to 
construct entangled states on the noncommutative phase space. It is easily to show that 
the entangled states with continuum variables are orthonormal and satisfy completeness 
relations, therefore they present new representations for NCQM. The first bipartite entan- 
gled state representation of continuum variables is constructed by H. Fan and J. R. Klauder 
[9] based on the idea of quantum entanglement initiated by EPR who used commutative 
property of two particles' relative coordinate and total momentum. In this Letter, for the 
noncommutative phase space, by this we mean that both the coordinate-coordinate and 
the momentum-momentum operators are noncommutative, we construct continuum entan- 
gled state representations and study their some basic properties including orthonormality 
and completeness. Besides, we derive explicit expressions of Wigner function (WF) and 
Wigner operator in the new representations. To show the potential applications of the en- 
tangled state representations in NCQM, we solve exactly the energy level and WFs of a 
two-dimensional harmonic oscillator on a noncommutative phase plane with both kinetic 
coupling and elastic coupling. 

The work is arranged as follows: In section [2] we construct the entangled state repre- 
sentations for the noncommutative phase space from a set of deformed boson commutation 
relations. These entangled states are orthonormal and complete, so that arbitrary state can 
be expended as their linear combination. We also evaluate matrix elements of noncommu- 
tative coordinate and momentum operators in these representations. Section[3]is devoted to 
derive explicit expressions of the WFs and the Wigner operator in the new representation. 
To show the potential role of the new representation, we study a two-dimensional oscilla- 
tor on the noncommutative phase space with both kinetic coupling and elastic coupling in 
section |4l and obtain its energy spectrum and WFs exactly. Some summary and comments 
are in the last section. 

2 Entangled state representations for NCQM 

Without loss of generality and for the sake of simplicity, we only discuss the four-dimensional 
noncommutative phase space, in which both coordinate-coordinate and momentum-momentum 
are noncommutative. Operators x, y, px and py satisfy the following commutation relations 

[x, y] = in, [px, Py] = iiy, [x, p^] = [y, py] = ih, (1) 
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and other commutators of these operators are vanishing, where fi and u are real nonzero 
parameters with dimension of (length)'^ and {momentum)'^ respectively. Considering the 
following operators 

obviously one finds that R and P are commute each other, as well as Q and K are commute 
each other, respectively. Thus R and P have simultaneous eigenstates |A), and Q and K 
have simultaneous eigenstates |^). Here A and ^ may be complex numbers, (A = Ai + iX2, 
and ? = + ^^2)5 and Ai, A2, and ^2 are real numbers. 

In order to get explicit expressions of the eigenstates |A) and |.^), we use the following 
quadrature decomposition 





Py = -\ -{ -ib-b^). (3) 
2 V 2 y /X 

Obviously, these dimensionless operators a, b and their Hermitian conjugates satisfy the 
following commutation relations 

[a, a^] = [b, b^ = 1, [a, b] = [a\ b^] = 0, [a, b^] = -[b, a^] = iO, (4) 

where the dimensionless parameter 6 = The algebraic relations in Eq.dl]) are exactly 

same in form as the deformed boson algebra in [TU]. To our knowledge, this type of deformed 
boson commutation relations also appeared in early work by Caves and Schumaker 
Their quadrature-phase amplitudes satisfy the same commutation relations as Eq. (HD . When 
6 = 0, the Eq.(j31) reduces to ordinary boson algebra. It is worth pointing out that such a 
deformed boson algebraic relations derived in [l.Oj were under an assumption of maintaining 
Bose-Einstein statistics (this assumption is equivalent to propose a direct proportionality 
between the noncommutative parameters /i and z^). However, recently Bertolami and Rosa 
argued that there is no strong argument supporting such a direct proportionality relation 
|12j . Here we obtain Eq.(|4]) from Eq.([T]) without using any similar assumption, besides the 
quadrature decomposition 

In terms of these deformed boson operators, the operators R, P, Q and K can be 
expressed as 



R=^d^ia + a^-b-b^), P = y-^ -(a-a^ + b-b^), 
Q = ^ (fea + at + 6 + 6t), r = .[^^a -a^-b + b^). (5) 
The simultaneous eigenstate |A) of and P can be written as 

I A) = exp (-^ + e A1A2 + Aat - X*b^ + -^{a^b^ - y + y ^t')) |00), (6) 
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where |00) is a two- mode normalized boson vacuum state in the deformed Fock space sat- 
isfying a|00) = 0, 6|00) = and (00|00) = 1. Sometimes |A) is written as |Ai,A2) to reflect 
its parameter dependence. Using the deformed boson commutation relation one finds 

(a-6t)|A) = (A-i^A*)|A), {b - a^)\X) = -{X* + ieX)\X), (7) 

which lead to 



R\X) = ^Y^(Ai - 0X2)\X), P\X) = \/^^(A2 - ^Ai)|A). 



(8) 



Thus I A) indeed is the simultaneous eigenstate of the operators R and P. 

Now we are at the position to consider the orthonormality of the |A). From Eq.Q one 

has 

(A'|(a - 6t)|A) = (A - i^A*)(A'|A) = (A' - iex'*){X'\X), 

{X'\{b - a^)\X) = {-X* - idX){X'\X) = i-X'* - ieX'){X'\X), (9) 

or (A - A' - ie{X* - A'*))(A'|A) = and (A* - A'* + i9{X- A'))(A'|A) = 0, which imply that 

(A'l A) cc 5(2) (A - A' - i0{X* - a'*)) = 5(2) (a* - a'* + id{X- A')) , (10) 

where 6^'^\z) = 6{zi)6{z2), {z = zi + iz2)- Without loss generality, one may regard the 
noncommutative parameter as a very small one. Eq. (jlOp means that only when A — A' = 
i9{X* — A *) as well as A* — A * = —i6{X — A') the inner product (A'|A) has nonzero value. 
Substituting the latter into the former, one has A — A' = 9^{X — A'), which means that 
only for the case of A — A' = 0, (A'|A) does not vanish (please notice here 6*^ ^ 1). It is 
also true that only for the case of A* — A * = 0, (A'|A) does not vanish. Therefore, we 
have (A'l A) oc 5(2) (A — A'). In addition, for the later convenience, we take the proportional 
coefficient here as vr/Vl — 0"^, so we have 

(A'|A) = ^=^<5(2)(A-A'). (11) 
Then we show that |A) satisfies the following complete relation 

d2A|A)(A| = l, (12) 



vr 

where d^A = dXidX2- In order to show it, we use an expression for the vacuum projection 
operator in the deformed Fock space 

|00)(00| = :exp(- Y^(ata + 6t5-i6'(at6-6ta))^ : , (I3) 

which will reduce to ordinary form when = 0, where the notation : ... : means take the 
normal ordering product for the operators a, b and their Hermitian conjugate operators. 
Substituting Eq.® into Eq.(fT2|). one has 



— / dXidX2 : exp ( - A? - Ai + 26X1X2 + Xa^ - X*P + X*d - Xb) 



b'^b-i9{d^b-b'^a))j : . (14) 
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Now within the normal ordering product, one can treat the operators as c-numbers, so after 
integrating over Ai and A2, one gets the identity operator, which concludes the proof of 

Similarly, we may express the simultaneous eigenstate of Q and K as 
10 = exp (-^ - 066 + Cat + ^*St - 3^(at6t _ ^fit^ + 'Ib^^)^ |00), (15) 
which satisfies 



Also the 10 obeys the following orthonormal and complete relations 



(16) 



{^'\^) = -^^s^'\c-a, /rf'eiO(ei = i, {d'c = dcid^2). (17) 

Thus the eigenstates |A) and |0 form two representations for quantum mechanics on 
the noncommutative phase space, respectively. Since when 9 = the states |A) and |0 
are called the continuum entangled states, so one may name these representations in the 
noncommutative phase space as the entangled state representations. Sometimes working in 
the I A) or \^) representation is convenient, so we first need to know the scalar product of 
|A) and |0- To do this, considering [a, b] = 0, we introduce simultaneous eigenstates of a 
and 6, i.e., the two-mode coherent states on the noncommutative phase space 

|a,/3) = exp{aa^ + -a*a-/3*b)\00), (18) 

which satisfies a\a,(3) = (q + i9P)\a,l3) and b\a,(3) = {f3 — i9a)\a,P), respectively. The 
inner product of two such coherent states is easily to get 

(a',/3'|a,/3) = exp {- ^(jap + |/3|2 + |af + l/jf) + a'*a + 

+y (/3*a - a*p + I3'*a' - a'* (3') + i6{a'* (3 - /3'*a)}, (19) 

which means that the two-mode coherent states are normalized but not orthogonal to each 
other, and besides, they are over-complete. The corresponding resolution of the identity in 
the noncommutative phase space is 

(1-^') j ^^^^|a,/3)(a,/3| =1, (20) 

where d^a = dReadlma and cP(3 = dRej3 dimfi. Using Eq. lpO]) one gets 

(A|0 = ! d2ad2/3(A|a,/3)(a,/3|e) 



= iexp(^(Al6-A2el) + ^e(Alel-A26))• (21) 

Having the Eq. (j21|) . one easily gets all of matrix elements of the basic operators y, px 
and Py on the noncommutative phase space in the entangled state representation |A). To 



do this, we only need to evaluate {X\Q\X') and {X\K\X'). With the aid of Eqs. (fT6]) and pT|) . 
one gets 





^2 


vr 




02 



(AiQiY) = x±-^ I d'^{xm)m') = tVh^-^j^^\x-x'), 



(^X\k\X') = ^^i-i!y"d2e(A|i^|0(e|A') = -^^^^5(2)(A-A'). (22) 
Thus in the |A) representation, we have 

(A|x|A') = ./f #(Ai - 0A2 + ^^)5(^)(A - A'), 



(A|y|A') = - Ai + eA2 + ^^)'^(^Ha - AO, 

(AIp.IA') = y|^(A2 - 9X, - ^^)S^'K>^ - A'), 
(A|P.|A') = Vf ^(A2 - 0Ai + ^ A)5(2)(A _ A'). (23) 
Similarly, in the |^) representation, we have 

mo = vl\/f + ^^2 + - a 

mio = vl\/f + ^^2 - - a 

= vl^(^2 + 06 - - a 

imo = ^( - 6 - ^6 - - a (24) 

3 Wigner operator in the continuum entangled representa- 
tion 

The so-called Wigner operator (or Wigner- Weyl quantizer) A{x,p) is an integral kernel in 
phase space which transfers a classical function h{x,p) to a quantum operator H{x,p) 

H{x,p) = / dx dph{x,p)A{x,p), (25) 



and this quantization prescription is referred to as Weyl correspondence [13]. In fact, 
because of noncommutativity between different operators in quantum mechanics, the cor- 
responding quantum operator of a classical function is uncertainty. According to Weyl and 
Wigner [H], the A(x,p) is 

If i i 
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It is well-known that in ordinary quantum mechanics, in coordinate representation, the 
Wigner operator A{x,p) has the form 

A(x,p) = i- ldve-^^P\x-^){x + ^\, (27) 

where \x) is the eigenstate of coordinate operator. Eq. ([27|) leads to 

Tr[A(x,p)A(x',p')] = -^6(x -x')6(p-p'). (28) 

27rn 

Therefore, for a given operator H{x,p), its classical correspondence is 

h{x,p) =2TrhTr[A{x,p)H{x,p)], (29) 

and for arbitrary state {ip), the corresponding Wigner function is W{x,p) = {'ip\A{x,p)\'ip) . 
In the noncommutative phase space, the Wigner operator is 

If i i 

^^^'^-^ " (27r;t)4 J ^"^vexp(-u-(p-p) + -v(x-x)), (30) 

where u = {ui,U2), v = (1^1,^2), x = (x,y), p = {px,Py) and x, p are the corresponding 
quantum operators respectively. Now we consider the WF of the entangled state |A) 

^^^""'^^ = (2^ y"dudv(A|exp(^u-(p-p) + -^v(x-x))|A). (31) 

Since the operators x, y, px and py obey the commutation relations in Eq.([T]), with the aid 
of the Baker-Campbell-Hausdorff relation, one can write 

(A| exp -{uipx + U2Py + vix + V2y)\\) 
= exp {-^{^iViV2 + iyuiU2) + ^("1^1 + U2V2)) 

Z 1 % % 

X (A|exp(-wix)exp(-ui]52:)exp(-t;2y)exp(-U2Py)|A). (32) 
Employing Eq. (j23p it is not difficult to evaluate the above matrix element 

(A| exp (-fix) exp {-uiPx) exp {-V2y) exp {-U2Py)\X) = 2iTh5{ui - U2)5{vi + V2) 

h h h h 

X exp (^(/^(f^i - 2viV2 - vj) - v{u\ + 2uiU2 - ul)) " ^(""i + ^2)(fi + ^2) 

X exp (^-^{^{v^ - V2){\i - 9X2) + ^{ui + U2){\2 - ^Ai))). (33) 



Substituting these results into Eq. (|3T]l . after integrating over the variables u and v, one 
gets 

Wx{^,p) = ^-^-^=6(^x-y-Vm^{Xi-eX2))6{px+Py-V2h^^ (34) 

which is consistent with the eigenvalue equations in Eq.®. 
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Furthermore, one can get an explicit form of A (x, p) in the entangled representation 
I A). Using Eq. (fT2]) one has 

A(x,p) = -i^-^ y"dudvd2Ad2A'|A)(A|exp(^u.(p-p) + -^v(x-x))|A')(A'|. (35) 
After integrating over the variables u and v, one gets 

A(x,p) = ^^^^ J d^xd'x'6(^x, + a; - 0{X2 + a;) - - y)] 

X 5(^X2 + x'^-eiXi + x[)-^^{p,+py)) 

X exp (^i(AiA2 - AsA'i) + - " A? + X^] 

X exp(-zy|(^p,(Ai-A;) + ^y(A2-A;)))|A)(A'|. (36) 

Then performing the integration over A and introducing the following notations 
1 



(x-y) = pi 



one can write the above expression as 
A(x,p) = 

= ^^^Sff- 1 d^^' exp ( - 2i {{p2 - epi){X[ - 9X',) - [pi - 0p2)(A; - ^A'J 

X exp {2i{l - 6^){{p2 - 72)A'i - (pi - 7i)A2 - Ji{p2 + Opi) + l2{pi + Op'. 

X |2(/5i + 0p2)-A'i,2(p2+epi)-A'2>(A'i,A;| . (38) 
At last, in Eq. (j38p using new integration variables A to replace the old ones A' 

Pi + 6'/02 - A'i = Ai, P2 + 6'/0i - A2 = A2, (39) 

one obtains the expression of the Wigner operator in the entangled state |A) representation 

A(x,p) = ^^3~^ j d^Aexp {2i{l-e''){^iX2-i2\i, 

X \pi + 0p2 - Xi,p2 +Opi - X2){pi + 9p2 + Ai,/92 + 0pi + A2I, (40) 

where the ket and bra vector are in the |A) representation. Since the entangle states |A) are 
orthonormal to each other (see Eq. ijlip ). it is very easy to get the WF W\{x,p) p4p from 
the expression (140 p . The only needed to do is take the expectation value of the Wigner 
operator (|10|) in the state |A). 

Similarly, one can get the WF of the entangled state |0 

W-5(x,p) = ^^^^^^__ ,5(x + T/-^^(6 + g6))^(p.-Py-\/2n^(g2 + g6)), (41) 



which is consistent with the eigenvalue equations in Eq. (jl6p . Using the inner product (j2ip . 
from Eq. (l40p one has the exphcit expression of the Wigner operator in the entangled state 
10 representation 

A(x,p) = ^^-3^ j d^Cexp (2^(l - e''){p^i2 - P2ii)) 

X |7i - 6*72 - Ci,72 - 6*71 - i-2){li - Oj2 + Ci,72 - 6*71 + (42) 
where the ket and bra vector are in the |0 representation. 

4 Some possible applications 

It is well know that representation plays a basic role in quantum mechanics like the coor- 
dinate systems in geometry. In section [2] we introduced the entangled state representations 
|A) and \^). In the |A) or |0 representation one can also solve problems of NCQM, and 
sometimes it is more convenient working in the entangled state representation than in 
other representation. To show this, let us study a two-dimensional harmonic oscillator on 
the noncommutative phase space with both momentum-momentum (kinetic) coupling and 
coordinate-coordinate (elastic) coupling. The quantum Hamiltonian is 

^ = ^ (Px + Py) + [x +y ) + i^[xy + yx) + - {p^py + pyp^) , (43) 

where the operators px, Py, x and y satisfy the commutation relations ([T]). If one use the 
usual Seiberg-Witten map to rewrite this Hamiltonian in terms of some kind of commu- 
tative coordinate and momentum operators, one will have a very complicated expression, 
which includes not only the kinetic and the elastic coupling terms, but also the coordinate- 
momentum coupling terms (they are the angular momentum term and the squeezing term, 
respectively). It is not an easy task to solve its energy spectra. However, in the |A) repre- 
sentation the Hamiltonian H (143 h has a very simple form 

H = cirji + C27?i + diXl + d2\l + d3AiA2 , (44) 

where r]i = —id/dXi, r]2 = —id/ 8X2, which satisfy the standard Heisenberg commutation 
relations 

[Xi, rjj] = iSij , [Ai, A2] = [r/i, r/2] = 0. (45) 

In Eq.(j31|), the coefficients ci, C2, di, d2, d-s are 

ci = — W-(l-/m, C2 = — — W- 1 + 2 ' 

2m y fj, 2 \ v \ moj^ J 

h0^ [17. , ^ hmco^ nif^ k \ 
di = —J- 1 + Im) + - 1 2 ' 

d2 = 7^ J- 1 + Irn) + 1 2 ' 

2m y fi 2 \ 1/ \ muj-^ J 

= -— (l + /m) -/imw^ ( 1 ^ ) , (46) 

m \ mijj'^ ) 
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respectively. Thus the two-dimensional harmonic oscillator on the noncommutative phase 
space with both momentum-momentum (kinetic) coupling and coordinate-coordinate (elas- 
tic) coupling is transferred to a very simple ordinary two-dimensional coupling oscillator in 
the I A) representation, and the corresponding energy spectra and WFs are easily to get. 

In fact, one can make a scaling change and a planar rotation to reduce the Hamiltonian 
(I44j) further |T5t I16j. To do this, we make the following scaling changes 



Al , Aa 



— A2, Vi 

C2 



m , V2 



m 



(47) 



which lead the Hamiltonian (1441) to 



H = c « + v'i) + hX[' + f2X'^ + dsA'iA'a , 



/2 



(48) 



where 



/i 



/2 



[l-lm){l + 



C2 
C2 



+ 



2m? hw 



(1 + Im] 



— \l + lm) + 

2 ^ ' 2h 



1 



1 — Im 



1 + 



1 + 



1 — Im 



(49) 



Then, since the Hamiltonian ()48p still involves an interaction term, we can simplify this 
situation by a transformation to new phase space variables 



Xi — Xiij A j , 



Pi = Uijr]j, 



(i,i = l,2) 



where the matrix 



cos 2 — sm 2- 



sm cos 2 



is a unitary rotation with the mixing angle a. When a satisfies the condition 



tan a 



/2-/1' 



(50) 
(51) 

(52) 



the Hamiltonian (j48p has a factorizing form 



1 2 , Ml^^ 2 



^=2M^^+ 2 



1 2 2 



(53) 



where 



M 



?ia;W(l - /m) 1 



+ ' 



(54) 
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where 



A± 



I ( l + 4±A/(l-/2m2)(l 



A:2 



v\/\ — I'^m? iimoo 

± ——\ 1 



2mhw 



2h 



Obviously, the transformations ()47p and ()50p do not change the standard Heisenberg commu- 
tation relations, so the Hamiltonian (j53p describes a two-dimensional uncoupling harmonic 
oscillator and its energy level as well as WFs are well-known 



1. 



1, 



(55) 



and 



(56) 



Ami 



respectively, where Ln are the Laguerre polynomials and Hi = + "^2^ X1 , H2 



+ —Y^^2 ) ^^'^^ ^ii ^2 and pi, p2 are classical phase space variables. 
The energy (j55p will reduce to some familiar results in several specific situations, for 
instance, when //,z/ = 0, i.e., in the ordinary commutative phase space, ([55]) becomes 



n\n2 



(ni + n2 + 1 



1 + 



+ J (1-/2^2) 1 



A;2 



m2Lj^ 



+ (ni - 712 



fUjJ 



1 + 



kl 



(1-/2^2) 1 



A;2 



(57) 



when k,l = and fi,u ^ 0, ([55]) becomes 



(ni +112 + 1)?kja/1 + 



(i^ — ^m?uj'^)'^ 



(58) 



4m2/;,2a;2 

and when both /li, 1/ = and k,l = 0, the energy has familiar form En^n2 = (^1 + ^1-2 + 1)^. 



5 Summary and discussion 

In order to develop representation and transformation theory so that one can solve more dy- 
namic problems for NCQM, employing the EPR idea we construct simultaneous eigenstates 
of the difference (or the sum) of two different coordinate-component operators and the sum 
(or the difference) of two relevant momentum operators. Since these new state-vectors are 
orthonormal and satisfy the completeness relation, they form representations to formulate 
the NCQM and we name them the entangled state representations. We also derive explicit 
expressions of Wigner operator and WFs in the new representations. In order to show the 
potential role of the new representations in NCQM, we study a two-dimensional oscillator 
with both kinetic and elastic couplings on the noncommutative phase space and simply get 
its exact energy spectra and WFs in the entangled state representation. 
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It is worth pointing out that the new entangled state representations are built based 
on the deformed boson algebra (jl]). Also form the deformed boson algebra one can 
construct the coherent state representation and the squeezed state representation on the 
noncommutative phase space. Thus although there are no the standard coordinate and the 
standard momentum representations on the noncommutative phase space, one can develop 
the coherent state, the squeezed state and the entangled state and other useful represen- 
tations to solve physics problems on the noncommutative phase space. We would like also 
to emphasize that, in contrast to the most work on the NCQM in the literature, our work 
is done directly in the noncommutative phase space without using any variables in the or- 
dinary commutative phase space. So if one thinks the usual way to NCQM (transferring 
problems in the noncommutative space into corresponding ones in the commutative space) 
as the "perturbation approach" , our way may be named as "nonperturbation approach" . 

It is also interesting to develop the theory of representations and transformations on 
the noncommutative phase space further and work on this direction will be presented in a 
separate paper. 
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